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A B S T R A C T  

Let F(X, Y) be a two dimensional polynomial map over C. We show how 
to use the notion of induced resultants in order to give short and elementary 
proofs to the following three theorems: 

t. I f  the Jacobian of F is a non-zero constant, then the image of F 
contains all of C 2 except for a finite set. 

2. I f  F is invertible, then the inverse map is determined by the free 
terms of the induced resultants. 

3. If F is invertible, then the degree o fF equals the degree of its inverse. 

1. I n t r o d u c t i o n  

Let P ( X ,  Y ) ,  Q ( X ,  Y )  E C[X,  Y] and let c~, fl be two indeterminates.  

denote  by 

We will 

r e su l t an t (P(X,  Y )  - a ,  Q ( X ,  Y ) - f l ,  X ) ,  resu l tan t (P(X,  Y )  - a ,  Q ( X ,  Y ) - f l ,  Y )  

the two induced resultants of the pair. As shown in [2] the s t ructure  of the variety 

of the asympto t ic  values of the polynomial  map  F = (P, Q) is closely related to 

those resultants.  

In this note we give three applications of the induced resultants: 

THEOREM 1: I f  the  dacobian o f  F is a non-zero constant ,  then the  image o f  F 

contains all o f  C 2 except  for a f inite set. 

THEOREM 2: I f  F is invertible,  then the inverse m a p  is de termined  by the free 

t e rms  o f  the  induced resul tants  (as po lynomials  in a,  fl). 
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THEOREM 3: If  F is invertible, then the degree of F equals the degree of its 
inverse. 

The three theorems are known to experts in this form or another, but the 

proofs given here are simple and readable. 

2. Picard~s Litt le  T h e o r e m  for p o l y n o m i a l  m a p s  

Let P(X, Y), Q(X, Y) E C[X, Y] be a Jacobian pair. Then they cannot share a 

common level curve in the sense that  there are two constants a,/3 E C such that  

for any X there exists a Y(X)  such that  

P(X,Y(X) )  = a and Q(X,Y(X))  --/3. 

Hence there cannot exist a pair (a0,/30) such that  

resul tant(P(X,  Y) - ao, Q(X, Y) -/30, Y) -- O. 

This proves the following 

FACT: Let P(X, Y), Q(X, Y) E C[X, Y] be a Jacobian pair. Let a and /3  be 

indeterminates. Let 

resul tan t (P(X,  Y) - a, Q(X, Y) -/3, Y) = RN(a,/3)Z g + . . .  + Ro(a,/3) 

where RN(a,/3) is the highest non-vanishing (identically) coefficient of 

resultant(P(X, Y) - a, Q(X, Y) -/3, Y). 

Then Rj(a, /3) ,  0 _< j < N,  cannot share a zero. In particular, the greatest 

common divisor of RN (a,/3),..., Ro (a,/3) is 1. 

THEOREM 1: Let 

P(X, Y), Q(X, Y) e C[X, Y] and F(X, Y) = (P(X, Y), Q(X, Y)). 

Then there are finitely many polynomials RN (a,/3),..., R1 (a,/3), Ro (a,/3) E 

C[a,/3] such that 

C 2 - F ( C  2) -- {(a,b) E C 2 ] Rg(a,b) . . . . .  Rl(a,b) = O, Ro(a,b) ~ 0} 

= V c ( R N , . . . ,  R1) n (C 2 - Vc(R0).  

Moreover, if P, Q is a Jacobian pair then C 2 \ F ( C  2) is a finite set. 
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Remark 1: 

functions. 

known. 

Proof'. 

This theorem is the analog of Picard's Little Theorem for analytic 

Needless to mention is that the last portion of this theorem is well 

Let (~,/3 be two new indeterminates and let us form 

R(X)  = resultant(P(X, Y) - c~, Q(X, Y)  - 13, Y)  • C[X, oq ~]. 

Suppose that  we have the following representation of R(X)  as a polynomial in 

X: 

R ( x )  = RN( ,/3)X N + . . .  + + Re( ,9) 

where RN(V~,/3),..., R0(a,/3) E C[a, ~]. Then 

(a, b) • C 2 - F ( C  

¢==V there is no solution in (X, Y) to P(X,  Y) - a = Q(X, Y)  - b = 0 

4===> for any Xo, R(Xo) ¢ 0 where (c~, fl) +- (a, b) 

R(X)  • C* where (c~,/3) +-- (a, b) 

R ( X )  = RN(a , b)X g + . . .  + Re(a, b) = Ro(a, b) # O. 
This proves the first part of the theorem. Now for the second part: Suppose 

that P, Q form a Jaeobian pair. Then the last assertion is equivalent (by the 

FACT) to the following: 

R N ( a  , b) . . . .  , R l ( a  , b) = 0. 

Moreover, by the Bezout Theorem 
C 2 - F(C 2) is infinite 

L(~,f l )  ---- (RN(C~,/3),... ,RI(~,J3)) E C[~,fl] - C* 
4==> L(P(Xo, ]Io), Q(Xo, ]Io)) ¢ 0 for all (Z0, Y0) 

¢=:::v L(P(X ,  Y),  Q(X, Y)) = c E C* 

a(p, Q ) / o ( x ,  Y)  _~ o. ,, 

3. Invertible morphisms 

Let P(X,  Y),  Q(X, Y) E C[X, y]  such that F(X,  Y) = (P(X,  Y), Q(X, Y))  is an 

invertible morphism. Let 

resul tant(P(X, Y)  - a,Q(X, Y)  - fl, Y)  

= R N X  N q- RN-I(OL, j~)X N -1  q - . . .  q- Ro(oL,]~). 

Since F ( X , Y )  is a morphism it follows that P ( X , Y ) , Q ( X , Y )  is a Jacobian 

pair, so by the results in the previous section, N _> 1. Also, since F(X,  Y)  
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cannot have asymptotic values it follows that  RN E C* (see [2]). Clearly, 
R N - l ( a , ~ ) , . . . , R o ( a ,  fl) E C[a,/3]. Given any (ao,/3o) and any 32o which is 

a zero of 

(1) RN XN -~ " " -[- Ro(ao,/3o), 

there exists a Yo such that F(Xo, Y0) = (ao, ~0). Since F(X, Y)  is injective it 

follows that  all the zeros of (1) must coincide. This proves that 

( RNXN + ' " +  RO(aO'/~O) =-RN x N  + RN-I(a'~) x N - I  RN 

( (2) = RN X + \ RN 

In particular, we obtain the following N + 1 relations: 

(3) Rj(a,/3)/RN -= ( ~ )  (Ro(~N~)) (N-j)/N - -  , O < j < N .  

In particular, for j = N - 1 we get 

/ R _I(a,Z) eC[a,Z] 
(4) \ - ~ N  ] -- (NRN) 

A similar argument applies to 

resultant(P(Z, Y) - a, V( X, Y) - fl, X) 

We have just proved the following 

FACT: Let P(X,  Y), Q(X, Y) E C[X, Y] such that 

F(X,  Y) = (P(X, Y),  Q(X, Y)) 

is an invertible morphism. Then there exist two positive integers N and M such 

that  
resultant(P(X, Y) - a, Q( X, Y) - ~, Y) = RN(X  + ro(a, ~) )lv 

and 
resultant(P(X, Y) - a, Q(X, Y) - fl, X)  = SM(X + so(a, ~))M 

where RlV,SM E C* and ro(a, 13),so(a, fl) E C[a, j3 l. 
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MORE ANALYSIS: 

Let us assume that we have the following standard representations: 

(5) P ( X , Y )  = a n ( X ) Y  n + . . .  +ao (X) ,  degy P ( X , Y )  = n, 

Q ( X , Y )  =b ,~ (X)Y  m + . . .  + bo(X), degy Q ( X , Y )  = m. 

Then by Sylvester's formula we get 

(6) resultant(P(X, Y)  - a, Q(X,  Y )  - /3 ,  Y )  

an(X)  

= ao(X) - a 

0 

So in particular we have 

. . .  o b , ~ ( X )  . . .  0 

. . .  an(X)  . . .  bin(X) 

. . .  bo(X) - ~ . . .  

. . .  a o ( X ) - c ~  0 . . .  b o ( X ) - t 3  

(7) Ro(a, 13) = 

aN(0) 

a o ( O ) - a  

0 

. . .  o b,~(o) . . .  o 

. . .  an(O) . . .  bin(O) 

. . .  b0(0)-13 . . .  

. . .  a o ( O ) - ~  o . . .  b o ( O ) - 8  

Hence degRo(a ,  8) -< max(n, m) or, equivalently, 

(8) deg Ro (a, 13) < max(degy P ( X ,  Y), degy Q(X,  Y)) = degy F ( X ,  Y) .  

By (2) we obtain the following conclusion: If P ( X ,  Y )  = a and Q(X,  Y )  = 13, 

then X(a ,  13) = - ( R o ( a ,  13)/Rg) 1/N. By (4), X ( a , ~ )  E C[a, fl], and by (8), 
d e g X ( a ,  13) < degy F ( X , Y ) .  Similarly, if 

resul tant(P(X, Y)-o~, Q( X ,  Y )  - 13, X )  

_= S M y  M --}- SM_l(Ol, t3)y M-1 + . . .  + ,-,Co(Ot,~) 

then we have 

(9) SMyM"}-'""I- SO(°l'13) = SM Y +  • SM .] ] 

M 
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(10) Si(ot'fl) ( ~ ) ( S ° ( o t ' ~ ) ~  (M-j)/M, 
S M  --  k- ~ M  -] O <_ j < M, 

(11) (So(ot,13).~ 1/M SM-I(Ot, ~) 
SM ] -- (MSM) E C[ot,]~], 

(12) deg So(or, ~3) <_ max(deg  x P(X,  Y), deg x Q(X, Y)) = deg x F(X,  Y). 

So by (9) we obta in  the following conclusion: If  P(X,  Y) = Ot and Q(X, Y) =/3, 
then  Y(ot ,~)  = --(So(Ot,]3)/SM) 1/u. By (11), Y(ot, j3) E C[ot,/3]; and by (12), 

deg V(ot, 8) <- degx  F(X,  Y). 

Remark 2: I t  is possible to show tha t  N = M = 1. 

We now can conclude our second and third theorems:  

THEOREM 2: Let P ( X , Y ) , Q ( X , Y )  E C[X,Y]  and suppose that F ( X , Y )  = 
(P(X, Y), Q(X, Y) ) is an invertible morphism. Let us assume that we have the 
following standard representations: 

P(X,  Y) = an(X)Y '~ + ' "  + ao(X), 

= AN(Y)X  N + ' "  + Ao(Y), 

Q(X ,Y)  = bm(X)V m + . . .  + bo(X), 

= BM(Y)X  M + . . .  + Bo(Y), 

degy  P(X, Y) -- n, 

deg x P(X,  Y) = N; 

deg z Q(X, Y) = m, 

deg x Q(X, Y) = M. 

Let  F - l (o t , / 3 )  = (X(ot, t3),Y(ot, t3)). Then there are R1,S1 E C* so t ha t  we have 

the following formulas for the inverse map: 

and 

- R 1 X ( o t ,  Z)  = 

an(O) . . .  0 bm(O) . . .  0 

• . . .  an(O) " . . .  b.~(O) 
. o 

a o ( O ) - o t  . . .  b o ( O ) - ~  . . .  

0 ... ao(O)-ot 0 . . .  b o ( O ) - f l  

- S l Y ( o r ,  ~)  -- 

AN(O) 

Ao(0) - o r  Bo(0) - 8  

0 0 

This  follows by the  discussion a~e r  (8) and by (7). 

. . .  o B M ( O )  . . .  0 

. . .  A N ( O )  . . .  B M ( O )  

oo• °o° 
• ° 

. , °  ° . ,  

. . .  A o ( O ) - a  . . .  B o ( O ) - f l  

I Proo~ 
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THEOREM 3: Let P ( X , Y ) , Q ( X , Y )  E C[X,Y] such that 

F(X,  Y) = (P(X, Y), Q(X, Y)) 

is an invertible morphism. Let us denote F -1 (a,/3) = (X(a,/3), Y(a,  fl)). Then 

deg X (a,/3) < max(degy P(X,  Y), degy Q(X, V)) = degr  F(X, Y), 

deg Y(a,/3) <_ max(deg x P(X, Y), deg x Q(X, Y)) = deg x F(X, Y), 

deg P(X,  Y) <_ max(degz X(a,/3), deg~ Y(ce,/3)) = deg~ F -l(a, /3) ,  

deg Q(X, Y) <_ max(deg~ X(a,/3), deg~ Y(a,/3)) = deg~ F -1 (a,/3), 

deg F(X, Y) -- deg F -l(a, /3).  

Proof: The first two inequalities were proved in equations (8) and (12) and the 

discussion that  followed. The second two inequalities follow from the first two 

by changing the roles of F and F -1. The fifth equality is a conclusion of the 

previous four inequalities. II 

Remark 3: The fifth equality appears in [1] on page 292. It is proved there 
for any dimension (with the appropriate modification). It was communicated to 
the authors of [1] by Ofer Gaber, who attributed it to an unrecalled colloquium 
lecturer at Harvard. The authors mention that John Tyrrell (King's College, 
University of London) has indicated that this equality was well known to classical 
geometers. 
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